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We introduce special Smarandache curves based on Sabban frame on S‘ and we investigate geodesic curvatures of Smarandache 
curves on de Sitter and hyperbolic spaces. The existence of duality between Smarandache curves on de Sitter space and Smarandache 
curves on hyperbolic space is shown. Furthermore, we give examples of our main results. 


1. Introduction 


Curves as a subject of differential geometry have been 
intriguing for researchers throughout mathematical history 
and so they have been one of the interesting research fields. 
Regular curves play a central role in the theory of curves in 
differential geometry. In the theory of curves, there are some 
special curves such as Bertrand curves, Mannheim curves, 
involute and evolute curves, and pedal curves in which 
differential geometers are interested. A common approach 
to characterization of curves is to consider the relationship 
between the corresponding Frenet vectors of two curves. 
Bertrand and Mannheim curves are excellent examples for 
such cases. In the study of fundamental theory and the 
characterizations of space curves, the corresponding relations 
between the curves are a very fascinating problem. Recently, 
a new special curve is named according to the Sabban frame 
in the Euclidean unit sphere; Smarandache curve has been 
defined by Turgut and Yilmaz in Minkowski space-time 
[1]. Ali studied Smarandache curves with respect to the 
Sabban frame in Euclidean 3-space [2]. Then Tasképrii and 
Tosun studied Smarandache curves on S* [3]. Smarandache 
curves have also been studied by many researchers [1, 4- 
7]. Smarandache curves are one of the most important tools 
in Smarandache geometry. Smarandache geometry has an 
important role in the theory of relativity and parallel uni- 
verses. There are many results related to Smarandache curves 


in Euclidean and Minkowski spaces, but Smarandache curves 
are getting more tedious and complicated when de Sitter 
space is concerned. A regular curve in Minkowski space-time, 
whose position vector is associated with Frenet frame vectors 
on another regular curve, is called a Smarandache curve [1]. 

In this paper, we define Smarandache curves on de Sitter 
surface according to the Sabban frame {a, t, 7} in Minkowski 
3-space. We obtain the geodesic curvatures and the expres- 
sions for the Sabban frame's vectors of special Smarandache 
curves on de Sitter surface. Furthermore, we give some 
examples of special de Sitter and hyperbolic Smarandache 
curves in Minkowski 3-space. 


2. Preliminaries 


In this section, we prepare some definitions and basic facts. 
For basic concepts and details of properties, see [8, 9]. 
Consider R° as a three-dimensional vector space. For any 
vectors X = (X9,xX,,x,) and ¥ = (jp, ¥1,)) in R® the 
pseudoscalar product of X and is defined by (-, +), = —Xg ¥o+ 
X,Y, + X72. It is called E} = (IR®, (-,-),) Minkowski 3-space. 
Recall that a nonzero vector X € E} is spacelike if (X, x), > 0, 
timelike if (X,x), < 0, and null (lightlike) if (x,x), = 0. 
The norm (length) of a vector X € E} is given by |x|, = 
/|(%, ¥) | and two vectors ¥ and ¥ are said to be orthogonal 
if (x, ¥), = 0. Next, we say that an arbitrary curve a = a(s) in 


E} can locally be spacelike, timelike, or null (lightlike) if all of 
its velocity vectors «’'(s) are, respectively, spacelike, timelike, 
or null (lightlike) for all s € I. If Ilo’ (s) ll, # 0 for every s € I, 
then a is a regular curve in E}. A spacelike (timelike) regular 
curve a is parameterized by a pseudoarclength parameter s 
which is given by « : I c R — E}, and then the tangent 
vector a’ (s) along « has unit length; that is, (a'(s), a'(s)), = 
1 ((a'(s), a'(s)); = —-1) forall s € I. 

Let % = (x9, X12), ¥ = (Yoo Vi» Yo) € Ej. The Lorentzian 
vector cross-product is defined as follows: 


; (1) 


Yo Vi ya 


and also the following relations hold: 
Hq Xi Xg 
Yo Vi y2 
Zg % 2 


(i) (XA 9,2), = 


(ii) XA (PAZ) = (YZ — (HZ); 
where ¥ = (ty, X11 Xo), P = (Var Nida) 2 = Eo ene) € EB. 
We now define de Sitter 2-space by 


T= {Be Rp: xp +xp +x = 1} (2) 


and hyperbolic space in Minkowski 3-space by 
Hg = {% € Rp: x9 +x, $45 = 1, Xi > Ol. (3) 


We can express a new frame different from the Frenet frame 
for a regular curve. Leta : Ic R — Sj bea regular unit 
speed curve lying fully on S{. Then its position vector a is 
spacelike, which implies that the tangent vector a’ = t is the 
unit timelike, spacelike, or null vector for all s € I. 

In our work, we are concerned with the vector a’ = t 
which may be the unit timelike or spacelike. 

Leta : Ic R — Sj bea regular unit speed curve 
lying fully on S{ for all s € I and its position vector « a unit 
spacelike vector; then a’ = t isa unit timelike and so n is 
a unit spacelike vector. In this case, the curve a is called a 
timelike curve. If «’ = t is a unit spacelike vector, then 4 
is a unit timelike vector. In this case, the curve a is called a 
spacelike curve and we have an orthonormal Sabban frame 
{a(s), t(s), 4(s)} along the curve a, where n(s) = a(s) A t(s) is 
the unit spacelike or timelike vector. Then Frenet formulas of 


a are given by 
a! 0 1 0)fa 
{S| 0 -%y)1#|s (4) 
y! 0 ex, 0 4 


where € = +1, the curve a is timelike for e = 1 and spacelike 
for ¢ = —1, and K,(s) is the geodesic curvature of a on sk 


which is given by x,(s) = det(a(s), t(s), t'(s)), where s is the 
arc length parameter of «. This relation is also given by [10, 11] 
for € = 1. In particular, by using equation (ii), the following 
relations hold: 
ex=tAyn, 


t=aAy, N=ant. (5) 
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Definition 1. A unit speed regular curve B(s(s)) lying fully in 
Minkowski 3-space, whose position vector is associated with 
Sabban frame vectors on another regular curve a(s), is called 
a Smarandache curve [1]. 


Based on this definition, if a regular unit speed curve a : 
IcR — St is lying fully on S} for all s € I and its position 
vector @ is a unit spacelike, then the Smarandache curve f = 
B(S(s)) of curve @ is a regular unit speed curve lying fully on 
Ss or H3 . In this case we have the following: 


(a) the Smarandache curve f(s(s)) may be a timelike 
curve on S{, 


(b) the Smarandache curve f(s(s)) may be a spacelike 
curve on S/, or 


(c) the Smarandache curve f(5s(s)) is in Ae for all s € I. 


Let {a,t, 4} and {f, tgs Nek be the moving Sabban frames of 
a and f, respectively. Then we have the following definitions 
and theorems of Smarandache curves 6 = ((S(s)) given in 
Section 3. In Section 3, we deal with Smarandache curves on 
de Sitter and hyperbolic spaces for timelike curves. Similar 
results are given for spacelike curves in the Appendix. 


3. De Sitter and Hyperbolic Smarandache 
Curves for Timelike Curves 


In this section we give different Smarandache curves on de 
Sitter and hyperbolic spaces in Minkowski-space. Let a be a 
timelike curve on Si: then the Smarandache partner curve of 
a is either timelike/spacelike or hyperbolic curve. We refer to 
the hyperbolic Smarandache curve of a timelike curve a as 
the hyperbolic duality of a. 

To avoid repetition we use ¢ = +1 in the following 
theorems in this section. If we take « = 1, then the 
Smarandache curve f is timelike or spacelike, and if we take 
e = —1, then # is hyperbolic. 


Definition 2. Let a = a(s) be a unit speed regular timelike 
curve lying fully on S}. The curve B: 1c R > Si (B:Ic 
R — Hp) ofa defined by 


G(s) = = (cats cent) (6) 


is called the a7y-Smarandache curve of a and fully lies on Ss 3 
where c,,c, € R \ {0} and e(c; + c) = 2.Ife = —-1; then 
the hyperbolic «7-Smarandache curve is undefined since the 
equation (cf + e) = —2 has no solution in R. 


Theorem 3. Leta: Ic R > s be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {a,t, y} 
and geodesic curvature k,. If B : Ic R > St is the 
an-timelike Smarandache curve of a, then the relationships 


Journal of Applied Mathematics 


between the Sabban frames of « and its «yn-Smarandache curve 
are given by 


q 

pg) |v Vhre 
HS 
O€ ce 


v2 v2 
_ : : B... 
where € = +1 and its geodesic curvature K, is given by 
(8) 


Proof. By taking the derivative of (6) with respect to s and by 
using (4), we get 


dpdi 1 


— 
B (S(s)) = us 45 eG + K,)t (9) 
or equivalently 
ds 1 
FER = v2 (Gi + Ky) t; (10) 
where 
ds _ ler + ek) (11) 
ds V2 


Hence, the unit timelike tangent vector of the curve f is given 
by 


tp = et, (12) 


where é = Life, +x, > 0 forallsande = —1 ifc, +x, < 0 
for all s. From (6) and (12) we get 


np = BAtg = (owt an). (13) 


It is easily seen that 7g is a unit spacelike vector. On the other 
hand, differentiating (12) with respect to s, we find 


—-— = e(a+K,1) (14) 
and by combining (11) and (14) we have 


V2e 


Bees (+n). (15) 


/ 
ty = 


Consequently, the geodesic curvature xh ofthe curve B = f(s) 
is given by 


(16) 


Corollary 4. Letx : Ic R > Sj be a regular unit 
speed timelike curve lying fully on S{. Then the ocn-spacelike 
Smarandache curve x: I CR — S{ of a does not exist. 


Definition 5. Let « = a(s) be a regular unit speed timelike 
curve lying fully on S?. Then the at-Smarandache curve f : 
ICR > Sj (B:1cR > H)) of ais defined by 


1 
B(S(s)) = ri (cq. (s) + ct (s)), (17) 


where ¢,,c € R \ {0} and e(c — c)) = 2. 


Theorem 6. Leta : Ic R — Sj be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {cx, t, n} 
and geodesic curvature k,. IfB: Ic R > Si(B:IcR—- 
H}) is the at-timelike (hyperbolic) Smarandache curve of a, 
then its frame {B, tg, np} is given by 


Kg . 
\2 -€ (cx?) | t | . (18) 
ui 


(andy — KA, + 2A;) > (19) 


(2-e(dx3))" 


\2(2-2(2s3)) \2(2-«(4x)) 22 -e(2x3)) 


where 
A, = £0 Kg +G (2 - £K,) : 
A, = EO KK, + (c + Ks) (2 - £05 K,) : (20) 


3,20) ’ 22 
As = & KK, + (aK, + ©K;,) (2 = eG K,) 


Proof. We take e = 1. By taking the derivative of (17) with 
respect to s and by using (4), we get 


2 dBds 1 
g' (s(s)) = t a = a (ca +cqtt+ Kg!) (21) 
or equivalently 
ds 1 
tgs 7 i (qa + ot + ©KgN) : (22) 


Taking the Lorentzian inner product in (22) we have 


wa(2) Hea). 
BYB/I\ ds 3 \2%g . 


If OK, < 2, then tg is a timelike vector. So 


pods (24) 
ds 2 


Therefore, the unit timelike tangent vector of the curve f is 
given by 


1 
te = —_“__= t i 
ode (coo + ext + cox gt!) (25) 


On the other hand, from (17) and (25) it can be easily seen 
that 


Np = BA tg = (-ox 4a —COK,gt + 2n) (26) 


\4 = 2ex2 


is a unit spacelike vector. Differentiating (25) with respect to 
s, we obtain 


dtp ds 1 
pas 
= At +A3n), 
ds ds (2- x2)” (Ayo + gb + 3) (27) 
g 


where 
A, = OKgKy +c (2 = oK,) , 
Ay = GK gk + (+ eKG)(2-GxG), (28) 


320 ' 22 
As = GKGK, + (am; + ©K,,) (2 - CR) 


and by combining (24) and (26) we get 


te = ———, (Aa + Azt +Agn). (29) 
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Consequently, we have 


xi = det (B,tg.t) 
(30) 


= @-en)” (oKA, — CG KA, + 2A). 
9 


The proof of ¢ = —1 case is similar. 


The following corollary is proved by the same methods as 
the above theorem. 


Corollary 7. Let« : Ic R > Sj be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {cx, t, n} 
and geodesic curvature k,. If B : Ic R > S} is the at- 
spacelike Smarandache curve of a, then its frame {B, tg, ng} is 
given by 


H 


LL a 0 
v2 v2 
G CQ OKg 
= \exe -2 \ene =D \ene =) 
2 
—OKg —QQKg 2 


(31) 
B a 
The geodesic curvature «, of curve B is given by 


p _ : 2 
Ka = ae (SKA, - C1K yA, + 2A;) 5 (32) 


(axq- 2) 
where \,,A,, and A, can be calculated as in Theorem 6. 


Definition 8. Let x : Ic R — Sj bea regular unit speed 
timelike curve lying fully on S{. Then the t7-Smarandache 
curve B:I1 CR > Sj (B:I1¢ R > H)) of ais defined by 


G(s) = S (ct (s) +an(5)), (33) 


where c,,c, € R \ {0} and e(-c + 6) = 2; 


Theorem 9. Leta : I c R > Si be a regular unit 
speed timelike curve lying fully on S; with the Sabban frame 
{a,t,4} and geodesic curvature x,. If B : Ic R > OA 
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(B:IcR- H5) is the tn-timelike (hyperbolic) Smaran- 
dache curve of «, then its frame {B, tp, Ng} is given by 


H 


0 Gi. a 

2 v2 

C OKy Ky 
2x2 — EC} \ 2x — €C; \2x2 - ec? 

2 

E2Kg 19 7 


(34) 


‘The geodesic curvature Ke of curve B is given by 


A = —— (-e2x,A, + CGA, - crA3) > (35) 
(2x2 - ec?) 
where 
A,=- 2c,K gk, + OK, (2x; - ec) ; 
A, =- 2qKGKy + + (cq + OK, + CK “tek, - ec), (36) 


Az => 2c,KGky + (aK, + CK 4) (2«6 —ec;). 


Proof. Let € = 1. By taking the derivative of (33) with respect 
to s and by using (4), we get 


7 dBds 1 
BC@)= ae a Va (ca + Okt + CK gil) (37) 
or equivalently 
ds_ 1 
tg— in Ge (cya + Okgt + GK Kgl) (38) 


Taking the Lorentzian inner product in (38) we have 


(tg,tg) (#) - (a -2e) (39) 
BYB/T ds 2 1 g 


and tg is a unit timelike vector for 24 > G . It follows that 


= 2 2 
ds _ 2 ail (40) 
ds 2 


Therefore, the unit timelike tangent vector of the curve f is 
given by 


(qa + OKgt + CK gt) : Al 
(41) 


1 
—————— 
2 
\2x2 =e 


On the other hand, from (33) and (41) it can be easily seen 
that 


1 2 
1g = BAtg= 2K {4 + Ct — C,H 
B B lax? 22 22 ( 9g 1 ) (42) 


is a unit spacelike vector. Differentiating (41) with respect to 
s, we find 


dtp ds _ 1 
ds d. 3/2 
eas (2x2 ~¢ | 


(Aja +A,t+A3n), (43) 


where 
A, =- EK gk, + 6K, (2x, 7 ) ; 
A,=- eK GK, + + (c, + OK, + CK ) (2K; = G)i (44) 


A3=- 26K5 K + (GK, + CK Bee, -c), 
and by combining (40) and (43) we get 


; v2 
OO llc (45) 


As a result, we have 


xi = det (B,tg, ts) 


= : ( 2K,A, + GA, - CAs). 


(2x2 7 ey" 


(46) 


The proof of e = —1 case is similar. 


Corollary 10. Leta: Ic R > . be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {cx, t, n} 
and geodesic curvature k,. IfB : Ic R > St is the ty- 
spacelike Smarandache curve of «, then its frame {B, tes np} is 
given by 


4 


, a & 
2 v2 

a 

= \¢ - 2K; \¢ - 2K; \¢ - 2K; 
E2K, CO -c; 


\2(4 2 — 2x2) \2( (cf — 2x2) \2(2 — 2x2) 


(47) 


‘The geodesic curvature i of curve B is given by 


1 


(2 - 2x2)" (-2kgAy + qAz — CAs), 
g 


Ky = (48) 


where A,,A,, and i, can be calculated as in Theorem 9. 


Definition 11. Leta : I c R — Si bea regular unit speed 
timelike curve lying fully on S}. Then the «ty-Smarandache 


Journal of Applied Mathematics 


curve B: ICR > Si (B:I1¢R > H)) of a is defined 
by 


BG) = 4a) +e) +aN(9), (49) 


where c),¢,,¢, € R \ {0} and ae - ro + a) =3, 


Theorem 12. Leta: Ic R > Ca be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {c, t, yn} 
and geodesic curvature x,. IfB: Ic R > Si (B:I1cRA- 
Ho ) is the aty-timelike (hyperbolic) Smarandache curve of a, 
then its frame {B, tg, ng} is given by 


ese oe & 
i 3 i 
p 6 + Kg Kg a 
i= eA eA VeA : ey) 
uf] 
-GK, +G (a + Ky) —GG%,+GG & (q + Ky) -¢ 
V3eA V3eA 3eA 
where A = (c, + Gg) —G ~Gx,. If we takee = | or —1, then B' (&(s)) = ie eee (qa +(q + oK,)t+ OK) (53) 
the Smarandache curve f is timelike or hyperbolic, respectively. dsds v3 r 
Furthermore, the geodesic curvature Kh of curve B is given by 
8 P . or equivalently 
Ng ((¢ ge Sy c,¢3) A, + (-aaK, + C3) A, 
2 _ 2 ds 1 
+(q + 4qK,-G)As) i= A (qa t(c, +ox,)t+oK,n). (54) 
2 5/2\~} 
x((e((4 +a%) -¢-ae3))") 
651) Taking the Lorentzian inner product in (54) we have 
where 
1/2, 22 2 
(tots), ($) 3 (% + 6, — (4 + Gy) ) (55) 


Ay = e(6 (-qx, (4 + %,) + OQ) 

+(a +a.) ((4 +e") ~~ ax5)), 
Az = €( (4 + 6K) (eam, (41 + cay) + SgK,) 

+(e +a, +0x2)((a+ox,) -2-2x2)), 
Ay = €( aK, (aK, (4 + ky) + ogK,) 

+ (x, (cq + Gg) + Qx,) 


x((q +qK,) -¢-cx?)). 
(52) 


Proof. We take « = 1. By taking the derivative of (49) with 
respect to s and using (4), we get 


For (c, + CK) > e + GK: tg is a unit timelike vector. It 
follows that 


(56) 


Therefore, the unit timelike tangent vector of the curve is 
given by 


(qa + (dG, a Ky) t+ ©KgN) ; 


(57) 
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On the other hand, taking the cross-product of (49) with (57) 
it can be easily seen that 


1p = BAtp 
= ((-cK, +G (c + CK) a+ (qe; = CK, ) iF 


+(q (q +GK,)-¢)n) (58) 


« ( is (c + sk) -3¢ - sex) 


This means that the yg is a unit spacelike vector. In order to 
obtain the tangent vector of 6 let us differentiate (57) with 
respect to s. We find 


dtg ds _ 1 


a3 (A,a+A,t+A3n), 


(4 + CsKy) -¢- CK, 
(59) 


where 
Sie = ! ust 
= 6 (-csx7, (cq + Ky) + OK Ky) 
( )(C J -¢- ex, 
+ (q+ 6K,)((q +ox,) -G-GK,), 
i ! Oe 
— (q + Ky) (-ox, (a + Ky) + OK K,) 


’ 2 2 2 =«22 
+(Q+ GK, +OK,)((q +GK,) -G-oK,), 


7 
A, = OK, (-cx7, (G + Ky) + OK Ky) 
+ (x, (q + Ky) + ©K;,) 
2 

x (4 + Ky) -¢- Gx) . 
(60) 

and by combining (56) and (59) we get 

V3 

t = 5) (A,a + At + A3n) i (61) 


(4 + Cskq) -¢- x2) 


Finally, the geodesic curvature Ke of the curve 6 = B(s(s)) 
is given by 


xe = det (B, tat) 
= (ox, - ky - Ge.) A, + (-c.oK, + 6G) A, 


+ (c + 3Ky — c) As) A 


«(((a+en,)'-4-4e2)”) 


The proof of e = —1 case is similar. 


Corollary 13. Leta: Ic R > Ss be a regular unit speed 
timelike curve lying fully on S; with the Sabban frame {a,t, yn} 
and geodesic curvature K,. If B : Ic R > St is the oty- 
spacelike Smarandache curve of «, then, for A = & + & os - 


(cq + Kg) its frame {B,tg, Ng} is given by 


a a? 
v3 v3 
C+ GK, OK, e 
VA VA t (63) 
4 


2 2 
-6K, + G (q + Ky) —CUKg + Ol, (6 + Ky) — 6, 


V3A 


Furthermore, the geodesic curvature Kh of curve B is given by 


Ks = (aK, ~ Kg - ccs) A, + (-qox, t oe) A, 


+ (cf + CK, — G) As) (64) 


2D 2\5/2\ 
«((d +d -(a +0%,)") ) , 


where A,,A,, and 1, can be calculated as in Theorem 12. 


V3A 


V3A 

Example 14. Let us consider a unit speed timelike curve « on 
St} defined by 

a(s) = (v2 sinh s, cosh s, sinh s) ; (65) 


Then the orthonormal Sabban frame {a(s), t(s), 4(s)} of a can 
be calculated as follows: 


a(s) = ( V2 sinhs, cosh, sinh s) ; 
t(s) = ( /2 cosh s, sinh s, cosh s) ; (66) 


n(s) = (-1,0,-v2). 


The geodesic curvature of a is 0. In terms of the definitions, 
we obtain Smarandache curves according to Sabban frame on 
2 
Sj. 
Firstly, when we take c, = 1 and c, = 1, then the timelike 
ay-Smarandache curve is given by 


B(S(s)) = = (v2 sinh s — 1,coshs, sinh s — v2) (67) 


and the Sabban frame of the w7-Smarandache curve is given 
by 


2g 
1 |B Bra 
aly - 
16 a ee | 

v2. v2 


and its geodesic curvature KE is —1. Here the hyperbolic ay- 
Smarandache curve is undefined. 

Secondly, when we take c. = 3 and G = V7, then the 
timelike at-Smarandache curve is given by 


1 


e (3-V2sinh s + V14coshs, 


B(S(s)) = 
3coshs + V7sinhs,3sinhs + V7 cosh Ss 


(69) 


and if we take c, = V7 andc = 3, then the hyperbolic at- 
Smarandache curve is given by 


1 


B(S(s)) = Ve (v14 sinh s + 3v2coshs, 


V7 coshs +3 sinhs, V7 sinh s + 3 cosh s) , 
(70) 


Thirdly, when we take c, = V2 and c, = 2, then the spacelike 
ty-Smarandache curve is given by 


B(Ss(s)) = (v2 (cosh s — 1), sinh s, cosh s — 2) (71) 


and if we take c, = 2 andc, = v2, then the hyperbolic ty- 
Smarandache curve is given by 


B(S(s)) = (2 cosh s — 1, V2sinhs, V2 (coshs — 1)). (72) 


Finally, when we take c, = 2, = V2, and c, = 1, then the 
aty-Smarandache curve is a timelike curve and given by 


B(S(s)) = <e (2V2 sinh s + 2cosh s- 1, 


2coshs + V2sinhs, (73) 


2sinhs + V2 coshs — v2), 
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and if we take q = V2, oO = 22, and G = V3, then the 
aty-Smarandache curve is a hyperbolic curve and given by 


B(S(s)) = = (2 sinh s + 4 cosh s — V3, 


V2 coshs + 2V2sinhs, (74) 


V2 sinh s + 2V2coshs — v6). 


On the other hand, in the last case, if we take c, = 1, c, = V2, 
and c,; = 2 (ie, ¢ < G < G), then the aty-Smarandache 
curve is spacelike and given by 


B(S(s)) = = (v2 sinh s + 2coshs — 2, 


coshs + V2sinhs, (75) 


sinhs + V2 coshs — 2v2). 


The Sabban frames and geodesic curvatures of at, ty, and 
aty-Smarandache curves can be easily obtained by using a 
similar way to the above. Also we give the curve « and its 
Smarandache partners in Figure 1. 


Appendix 


In this section, we give as a table different Smarandache 
curves on de Sitter space or on hyperbolic space for spacelike 
curves in Minkowski-space. We give the theorem about 
undefined Smarandache curve below. The other a-, at-, ty-, 
and aty-Smarandache curves on Ss and ay-,ty-,aty- 
Smarandache curves on H; and their corresponding Sabban 
frames and geodesic curvatures are similar to those in the 
previous section. 


Theorem A.l. Leta: I ¢ R — S} bea regular unit speed 
spacelike curve lying fully on S;. Then the at-Smarandache 
curve B: I CR > Hp of a does not exist. 


Proof. Leta:IcR—- Ss be a regular unit speed spacelike 
curve lying fully on Sj. Then the at-Smarandache curve f : 
ICR > Hj of «can be written as follows: 


BGS) = s (c,a(s) + ot (s)), (A) 


CG €R \ {0}, and a + a = —2 which is contradiction. 


The Smarandache curves of a regular unit spacelike curve 
a are given in Table 1. 


Example A.2. Let us consider a unit speed spacelike curve « 
on Sj defined by 


2 2 
ais) = (9 A -Ls-1), (A.2) 
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seared 2 
a is a timelike curve on S; 


B is a timelike or spacelike curve B is a hyperbolic curve 


ay-Smarandache curve any-Smarandache curve is undefined 


at-Smarandache curve 


ty-Smarandache curve (spacelike) ty-Smarandache curve 


ayt-Smarandache curve (timelike) ant-Smarandache curve 


Ficure 1: Smarandache curves of a timelike curve a. 
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TABLE 1: Classification of the Smarandache curves for spacelike curve a. 
a is a spacelike curve on S 
Bisa a or timelike curve f is a hyperbolic curve 
> 1 
a B(S(s)) = = (ca + GM); B(S(s)) = a (ca + GM); 
q-G= 2 Go =-2 
a B(S(s)) = S (qa + Gt), undefined 
ra + a= =2 
i B(S(s)) = s (ct + GM), B(S(s)) = s (qt +on), 
Sa. ieee 
ae B(S(s)) = i (ja + Gt +¢n), B(S(s)) = B (cha + Gt +n), 
G+o-c =3 qtg-Gg=-3 


Then the orthonormal Sabban frame {a(s), t(s), 4(s)} of a can 
be calculated as follows: 


2 2 
«(y= (SE 1s 1), 
2 2 
t(s) = (s—1,s-1,1), (A.3) 
=i) 4 Gel) 
= i 3 1 
n(s) ( aa = 
The geodesic curvature of « is expressed as 
Kg (s) =- (A.4) 


In terms of the definitions, we obtain Smarandache curves 
according to Sabban frame on Sy. Firstly, we take c, = 2 and 
c, = V2; then the spacelike «n-Smarandache curve is given 
by 


po = (24 )e P41, 
(2 \e ly = V2,(s D(v2+1) ) 
; | , 


(A.5) 


and also when we takec, = V2 andc, = 2, then the hyperbolic 
ay-Smarandache curve is given by 


pow = (( 
(“ 


Eat) (oye v2 


V2+1 


Jo =i -1,(6- (02 +1) ). 


(A.6) 


The {B, tg, 1g} Sabban frames and geodesic curvatures Kh are 


similar to the above section. Secondly, we take c, = 1 and 
c, = 1; then the spacelike Smarandache-at curve is given by 


(s- ey OO 
- 95 


2 
Here the hyperbolic at-Smarandache curve is undefined. 
Thirdly, we take c, = 2 and c, = V2; then the spacelike 
ty-Smarandache curve is given by 


+s—2,s 


B(S(s)) = 


5 


(A.7) 


_ _ ol v2 2 
B(S(s)) = 5 (Ye-n +2s—2+ V2, 
oo P+ 26-2, 0266-1) 42), 


(A.8) 


and also when we take c, = V2 andc, = 2, then the hyperbolic 
—— curve is given by 


BB (s)) = = ((s- 1)” + V2(s- 1) +2, 


= ( 
(s—1)° + V2 (s—1),2(s-1) + V2). 
(A.9) 


Finally, when c, = 2,c, = V2, and c, = V3, then the aty- 
Smarandache curve is a spacelike curve and is given by 


BG(s)) = =(¢ p' (Bar) +ve-ve3 


ew (2 


(= )(v3+2) +3] 


V3 


—t1 


)+v26-n-2, 


(A.10) 
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a is a spacelike curve on St 


f is a timelike or spacelike curve f is a hyperbolic curve 


ay-Smarandache curve ay-Smarandache curve 


at-Smarandache curve at-Smarandache curve is undefined 


ty-Smarandache curve ty-Smarandache curve 


ayt-Smarandache curve ant-Smarandache curve 


FiGuRE 2: Smarandache curves of a spacelike curve a. 
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and also when we take c, = 2, = V2, and c, = 3, then the 
hyperbolic aty-Smarandache curve is given by 


s(s\) = (2(5-19 7 
BoO= B(S6 1)? + V2(s-1) +3, 
(s =i + V26=1)53, (A.11) 
5 (s-1)+ V2). 


The Sabban frames and geodesic curvatures of the ay, at, 
ty and aty-Smarandache curves can be easily obtained by 
using methods similar to those in the previous section. 
Furthermore, we give curve the a and its Smarandache 
partners in Figure 2. 
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